Abstract. We continue to study the Mordell-Weil groups of unirational quasi-elliptic surfaces. We classify them in the case of rational quasi-elliptic surfaces in characteristic 2 and show how to construct them from the projective plane. In the classification, a key role is played by a theorem which guarantees that the relevant properties of unirational quasi-elliptic surfaces are determined explicitly by the equations of the surfaces as affine hypersurface.
1.
Introduction. This is the first of a series of papers on the Mordell- In the present paper, we continue to study the same question in the case of characteristic 2. Considerable differences and difficulties turn out to be involved, compared to the case of characteristic 3. For example, the Weierstrass form of a quasi-elliptic curve in characteristic 2 is more complicated, and more cases have too be considered in the classification. In this paper, we treat the Weierstrass form of a quasi-elliptic curve over the rational function field in characteristic 2 and classify the degenerate fibers, the Mordell-Weil group and the Neron-Severi group of a rational quasi-elliptic surface in characteristic 2. The first main theorem is Theorem 1.1 below, which generalizes a result in Miyanishi [7] . In Theorem 5.2 we classify degenerate fibers and the torsion-rank. (1) ƒÓ(t) has no monomial terms of degree congruent to 0 modulo 4.
(2) ƒÕ(t) has no monomial terms of even degree.
(3) For every root a of ƒÓ(t)ƒÓ'(t)2+ƒÕ'(t)2=0,
•¬ where ƒËƒ¿ is the (t-a)-adic valuation of k(t) so normalized that ƒËƒ¿(t-ƒ¿)=1 . For the proof in Section 3, we use a method of double coverings as was used by Miyanishi [7] to obtain analogous results in characteristic 3 and partially in characteristic 2, but we have to look into singularities of the ramification loci more carefully . Moreover, we exhibit the configuration of degenerate fibers of a rational quasi -elliptic surface and its sections, and show how to obtain it from P2 by blowing up nine points (see Section 5) .
The author would like to thank Professors Masayoshi Miyanishi and De -Qi Zhang . for stimulating discussions on this subject and Professor Igor V . Dolgachev for calling his attention to the book of Cossec-Dolgachev [4] . The author also extends his gratitude to the referee for precious advice on the improvement of this paper . E(K): the Mordell-Weil group, which is, by the definition, the set of all K-rational points of E, and endowed, with a natural structure of the additive group (cf. [5] ). NS(X): the Neron-Severi group of X T: the trivial lattice, which is, by definition, the subgroup of the Neron-Severi group generated by the zero section (O) and all the irreducible components of the fibers. The configurations are given in Figure 3 .
In the case (III-3), we have m=[a/2]. Hence a=2m+1. In this case, we have three subcases.
The configurations are given in Figure  3 .
In the case (IV), the configuration of •¬ is given in Figure  4 .
PROOF. (1) Write FIGURE 3. We further distinguish three cases. So, the proper transform C of C after these s blowing-up is smooth. If b=4m+3, i.e., the case (III-2-2), put l=3m-(c-3)/2 and s=21+1. Then •¬ •¬ (11-2)
•¬ (11-3)
•¬ •¬ where k is some positive integer.
(III-3-3)
• In subsequent arguments we need the following well-known lemma (cf. [1] det NS(X)=det T/|E(K)|2 .
Since the right hand side of (4.5) has even exponent as remarked above, we can write (
2) The torsion-rank is determined uniquely by the type of reducible singular fibers as in Table 1. PROOF.
( (2) When we pick up one standard form among the rational quasi-elliptic surfaces having the same fiber type, we make frequent use of the following lemma . For the proof of this lemma, one can easily check that two surfaces given in the statement are isomorphic to each other by a suitable change of variables as in [5 , Lemma 3.6] . types (a),(b),(c), (d) and (e) in Table 1 , the configurations are simple (cf. Figure 8 ), and we can easily find out how they are constructed from P2 by blowing up nine points. In the case of the type (e), we can easily check that we obtain a configuration of four lines, a conic and a cubic with cusp in P2, which we do not give here. Figure  10 .
Then the configuration is as in Table 2 .
In Table 2 , P1=(0,0), P2=(a1/2, a1/4(t2+t)),P3=(a-1/2(t2+at+1),a-3/4(t3+ (a+l)t2+(a+1)t+1)), Qi=(ui-1t2+uit, ui-3/2(t3+a1/2uit2+u2it)), Ri=(uit+ui-1, ui1/2(t2+a1/2ui-1t+ui-2)) (i=1,2) are all sections, where ui (i=1,2) are the two roots of the equation u2+a1/2u+1=0. Figure  11 .
In Figure 11 , the seven sections A1,A2,. 
